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Abstract
Motivation: Sequence alignments obtained using affine gap
penalties are not always biologically correct, because the
insertion of long gaps is over-penalised. There is a need for
an efficient algorithm which can find local alignments using
non-linear gap penalties.
Results: A dynamic programming algorithm is described
which computes optimal local sequence alignments for
arbitrary, monotonically increasing gap penalties, i.e. where
the cost g(k) of inserting a gap of k symbols is such that g(k)
≥ g(k – 1). The running time of the algorithm is dependent on
the scoring scheme; if the expected score of an alignment
between random, unrelated sequences of lengths m, n is
proportional to logmn, then with one exception, the algo-
rithm has expected running time O(mn). Elsewhere, the
running time is no greater than O(mn(m + n)). Optimisa-
tions are described which appear to reduce the worst-case
run-time to O(mn) in many cases. We show how using a
non-affine gap penalty can dramatically increase the
probability of detecting a similarity containing a long gap.
Availability: The source code is available to academic
collaborators under licence.
Contact: Richard.Mott@well.ox.ac.uk

Introduction

Gapped local sequence alignments are almost universally
calculated using the Smith–Waterman algorithm (Smith and
Waterman, 1981) with an affine gap penalty, where the cost
of inserting a run of k letters is g(k) = A + Bk, for positive
constants A, B. These alignments may be computed in O(mn)
time, where m, n are the sequence lengths (Gotoh, 1982). The
results are generally satisfactory, but there is evidence that
other types of gap penalty may be more appropriate in some
circumstances.

For example Benner et al. (1993) and Gu and Li (1995)
suggest using a logarithmic gap penalty of the form A + B
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log k. The logarithmic penalty is a special case of the class of
convex gap penalties (also called concave by some authors),
where g(k + 1) – g(k) ≤ g(k) – g(k – 1), and which have been
suggested as being generally more suited than the affine for
alignments where long gaps are expected. Variations on the
standard affine gap penalty expressly designed to allow long
gaps include Gotoh (1990) and Mott (1997), for example for
aligning cDNA sequences to genomic DNA, where the in-
sertion of very long gaps is desirable. Altschul (1998) de-
scribes a generalised affine penalty which appears to be more
sensitive than the standard. Despite these advances, non-af-
fine gap penalties are not in general use, partly because it has
been difficult to implement fast algorithms for them.

The first practical algorithm to find optimal global align-
ments using convex gap penalties was by Waterman (1984),
who introduced the concept of the candidate list, described
later. It was conjectured that, depending on the precise details
of the algorithm, the algorithm’s time complexity would be
O(mn logm) or even O(mn). Miller and Myers (1988) gave
rigorous treatments of two algorithms for convex gap pen-
alties, also using candidate lists, with worst-case time com-
plexity of O(mn logm). For certain types of gap penalty these
algorithms are faster; for example for a piece-wise linear
convex function made from K straight lines, the complexity
is O(mn logK), and for logarithmic gap penalties A + B logk
it is O(mn). Miller and Myers (1988) also compared the rela-
tive performance of Waterman’s and their methods, and
found that in some cases, depending on the scoring scheme
and the degree of similarity of the sequences, the former had
complexity O(mn(m + n)). See also Galil and Giancarlo
(1989) and Gusfield (1997, pp. 293–302).

All the preceding methods deal with global alignments and
convex gap penalties. This paper is mainly concerned with
local alignments using the class of positive, monotonically
increasing gap penalties, i.e. where g(k) ≥ g(k – 1). The
monotonic and convex classes overlap — for example the
affine and logarithmic penalties are common to both. How-
ever, the monotonic class also includes the power law A +
BnC, where C > 0, which is convex only for 0 < C ≤ 1. The
convex class includes penalty functions which can decrease,
and which are therefore non-monotonic, although it is diffi-
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cult to see any biological justification for using them. Prob-
ably the set of monotonic convex penalties is the most useful
in practice. By contrast gap penalties which increase faster
than linear (e.g. concave penalties) are unsuitable for bio-
logical applications, as they favour the use of many small
gaps over fewer but longer insertions.

We describe an algorithm to find an optimal local align-
ment using any monotonic gap function. In order to under-
stand the time complexity of the algorithm, it is necessary
first to recall some facts about the statistical properties of
alignments.

Depending on the severity of the scoring scheme (i.e. sub-
stitution matrix and gap penalty function) and the sequences’
compositions, the expected score E(m, n) of the maximal
local similarity between random, unrelated sequences of
lengths m ≥ n is either O(logmn), the logarithmic domain, or
O(n), the linear domain. See for example Waterman (1995).
There is a phase transition between these two modes, where
small changes in the scoring scheme can produce widely dif-
ferent alignments (Waterman et al., 1998). The algorithm
presented here has expected running time O(mn) in the logar-
ithmic domain, with one exception described later, and
O(mn(m + n)) in the linear. We also show how to predict in
which domain a given scoring scheme resides.

Algorithm

Definition

Our algorithm has some similarities with the candidate list
methods of Waterman (1984), Miller and Myers (1988) and
Galil and Giancarlo (1989), but also certain key differences,
which exploit certain statistical properties of local alignment
scores. Suppose we are comparing two sequences Xi , Yj  of
lengths m, n. Let S(x, y) be the score for aligning the letters
x, y and g(k) the cost of inserting a gap of k letters. We assume
g(k) ≥ g(k – 1) for all k.

Let Wij  be the score of an optimal local alignment ending
at (i, j). Let Dij  be the score of the optimal local alignment
ending at (i, j) such that Xi  and Yj  are forced to align, or zero
if this alignment has negative score. Similarly let Hij  be the
score when a gap is inserted in the first sequence opposite Yj ,
or zero, and Vij  when a gap is inserted in the second opposite
Xi , or zero. In the familiar dot-matrix representation of dy-
namic programming, these quantities correspond to an opti-
mal path to the cell (i, j), entering it diagonally, horizontally
and vertically respectively. Alignments where a gap in one
sequence abuts a gap in the other are forbidden. Then the
basic Smith–Waterman recursion is

Wij  = max (Dij , Hij , Vij )

W is computed for the entire m × n dot-matrix. The maxi-
mal local similarity terminates at the coordinates (I, J) for
which Wij  is a maximum, and the optimal alignment can be

reconstructed by back-tracking from this cell. The defini-
tions of D, V, H are

Dij � max (0,Wi–1,j–1� S(Xi,Yj))

Vij � max (0,max
k� j

(Dik–g(j–k)))

Hij � max (0,max
k� i

(Dkj–g(i–k)))

The naive recursions for V, H have time complexity O(j) or
O(i) respectively, resulting in an overall running time of
O(mn(m + n)). However, it is possible to recast them in a
much more efficient form. We will give the argument for V;
that for H is similar. For clarity, we drop the subscript i and
write

Vj � max (0,max
k� j

(Dk–g(j–k)))

The main idea is to maintain a candidate list Lj  of those
coordinates k for which Dk – g(j – k) > 0. Vj  can be found by
taking the maximum over these candidates only. For strin-
gent gap penalties we will show that the expected size of the
list is bounded, and hence the expected time taken to evaluate
Vj  is independent of the sequence lengths.

First we show how to compute the candidate list efficient-
ly. Note that candidate list L1 is just the empty set. We then
proceed by induction: suppose that we already know the con-
tents of Lj . This list can contain any of the numbers in the
range 1…j–1. It follows from the monotonicity of the gap
penalty that Lj+1 is a subset of j � Lj , i.e. any candidate for
j + 1 must also be a candidate for j, or must be j:

Lj�1� { k� j� 1 : Dk–g(j� 1–k)� 0}
� { j} � { k� j : Dk–g(j� 1–k)� 0}
� { j} � { k� j : Dk–g(j–k)� 0}
� { j} � Lj

(1)

The monotonicity of g is used to get from the second to the
third line above. Pseudocode for a function,
update_list , that computes Lj+1 given Lj  is shown in
Figure 1. The algorithm also computes Vj  and the length of
the gap, which is required for back-tracking. The running
time for the update algorithm is O(|Lj| + 1) because each of
the elements in the list must be examined, plus the potential
new element j. The code fragment also includes two opti-
misations described later.

In contrast with local similarities considered here, global
alignment algorithms do not restrict scores to be positive, and
consequently our definition of the candidate list is new, al-
though the update property (1) is common to the global align-
ment methods too. Instead, these rely on the convexity of the
gap penalty to eliminate elements from the list, and one of the
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Fig. 1. Pseudocode of the function update_list  which computes
the list Lj +1 given the list Lj . start  is the smallest member of the
list Lj , or 0 if the list is empty. The list is represented by the array
next[ ] , in which k2 = next[start]  is the second member
of the list, k3 = next[k2] the third member and so on, until
next[kn] = 0  indicates kn  is the last element. The algorithm
examines each member k in the list and tests whether Dk – g(j + 1
– k) > 0, in which case the member is retained, otherwise it is deleted.
Finally, j  is added to the list if Dj  – g(1) > 0. The algorithm also
returns max = Vj , and gap , the coordinate of the start of the gap.

optimisations described below re-uses the relatively simple
method of Waterman (1984) to prune our candidate list still
further. The more efficient algorithms of Miller and Myers
(1988) and Galil and Giancarlo (1989) are rather compli-
cated to describe here in detail, but essentially rely on con-
vexity to determine efficiently whether an element in the list
will always ‘dominate’ over another, in which case the latter
may be deleted.

Complexity

We now estimate E(|Lj |), the expected size of the list Lj . It is
known that provided the expected match score of any two
symbols is negative and the gap penalties are severe enough
to give alignments in the logarithmic domain there exist
strictly positive constants R, λ such that, for alignments be-
tween random, unrelated sequences

Pr (Dj � t)� Re–�t (2)

It is important to note that this probability is independent of
j. This result follows from the extreme-value theory for se-
quence matching in, for example, Arratia et al. (1988), Kar-
lin and Altschul (1990), Mott (1992), Karlin and Dembo
(1992), Waterman and Vingron (1994a) and Mott and Tribe
(1999).

Therefore

E(|Lj|)��
k�j

Pr (Dk–g(j–k)� 0)

��
k�j

Re–�g(j–k)

� R�
k��

e–�g(k)

(3)

(we ignore edge effects which do not affect the answer sig-
nificantly). So if (2) holds and (3) converges then the ex-
pected size of the list is bounded, and consequently so is the
time taken to compute Vij  (and Hij ). Therefore, since the algo-
rithm requires mn updates of the lists for H and V, the overall
running time will be O(mn).

Mott and Tribe (1999) showed the statistical behaviour of
gapped alignments is well-characterised by a quantity α
which is a function of the sequences’ compositions, the sub-
stitution matrix and gap penalty. A formula for α is given in
the Appendix. When α = 0 no gaps are permitted (i.e. the gap
penalties are infinite), and alignments will be in the logar-
ithmic domain. As α increases the gap penalties relax and
gaps will begin to appear in alignments, and the parameter λ
in (2,3) decreases, until the phase transition to linear behav-
iour occurs, at which point λ = 0. The precise αcrit at which
this occurs is unknown, but probably lies between 0.3 and
0.4. Values of α > 0.25 should be avoided in any case, in
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order to maintain high sensitivity — database searches with
affine penalties typically use α in the range [0.05,0.2].

The time complexity of the algorithm therefore hinges on
the convergence or otherwise of H(λ, g, n)= �n

k�1e–λg(k) for
different gap penalties and values of λ. This depends on the
asymptotic behaviour of g(k)/log(k). The important cases are
summarized in Table 1.

Table 1. Summary of the behaviour the series �
n
k�1e

–λg(k) for different
regimes of parameter λ and gap penalty g, and of the corresponding
time-complexity of the monotone algorithm

Limit of
g(k)

log(k)
K��

λ Behaviour of

�
n

1

e–�g(k)

Algorithm’s average
complexity

∞ λ > 0 converges O(mn)

B < ∞ λB > 1 converges O(mn)

B < ∞ λB = 1 O(log(n)) O(mn(log(m) + log(n))

B < ∞ λB < 1 O(n1–λB) O(mn(m1–λB + n1–λB))

The table indicates that H converges for any λ > 0 if the gap
penalty grows faster than log(k). For example, this is true for
the affine and power law functions. Therefore, all gap pen-
alties stronger than the logarithmic will have O(mn) average
behaviour whenever the scoring scheme is in the logarithmic
domain; in these cases one can determine the complexity of
the algorithm simply by calculating α.

The critical case is the logarithmic penalty g(k) = A +
Blog(k). H converges when λB > 1, so the algorithm’s com-
plexity is O(mn) in this region as well. For strong gap pen-
alties this is definitely the case, but as B decreases so does λ,
and so λB must eventually equal 1 before λ = 0. H grows like
logn when λB = 1, and like n1–λB when λB < 1. Consequent-
ly, for weak logarithmic gap penalties, but where the scoring
scheme is in the logarithmic domain, the complexity is
O(mn(logm + logn) or O(mn(m1–λB + n1–λB)) respectively. In
practice, fairly stringent gap penalties are the norm, so this
behaviour is of mainly academic interest. Also, the series
H(λ, A + Blog(·), n) converges extremely slowly when λB is
only slightly greater than 1, so that asymptotic behaviour
may not be applicable for typical sequence lengths in the low
hundreds.

Optimisation

These arguments apply only to average-case complexity, not
worst-case. Indeed, when aligning a sequence against itself,
the candidate lists can grow very large, and the algorithm
becomes unacceptably slow, even when the expected com-
plexity is O(mn). However, some simple pruning of the
candidate lists can be done which reduces running time dra-
matically in these cases:

(a) Suppose l is the member of the candidate list Lj  for
which Dl  is a maximum. Then monotonicity implies that we
can delete all members of Lj  prior to l to form a reduced
candidate list, because whenever k < l < j

Dk – g(j – k) ≤ Dl  – g(j – l)
and Dk – g(j + 1 – k) ≤ Dl  – g(j + 1 – l)

so the update property (1) still holds.
(b) Suppose that in addition to being monotonic, the gap

penalty is also convex. Then we can apply a variant of Water-
man’s argument (Waterman, 1984). Let l′ be the least
member of L for which Dk – g(j – k) is a maximum. By con-
struction l′ ≥ l. Then we can delete all k > l′ from Lj  but still
retain the update property (1), because if k > l′

Dl ′ – g(j – l′) ≥ Dk – g(j – k)

Dl ′– g(j + 1 – l′) + g(j + 1 – l′) – g(j – l′) ≥
Dk – g(j + 1 – k) +g(j + 1 – k) – g(j – k)

so Dl ′ – g(j + 1 – l′) ≥ Dk – g(j + 1 – k)

by convexity. Thus if l′ dominates k in Lj  then it does so in
Lj+1 too.

Thus for monotonic convex gap penalties the candidate list
can be truncated just to those values k ∈  Lj : l ≤ k ≤ l′. In
practice we find that usually l = l′, so the candidate list is of
length 1, or is empty. The effects of these optimisations on
the list size are best illustrated by an example. For a compari-
son between two independent, randomly generated protein
sequences of length 300 using the affine gap penalty 10 + n
and the BLOSUM62 matrix (α = 0.1046), the average length
of a candidate list is about 0.50 without the optimisations
0.36 and with them. For a comparison between a random
sequence and itself, the average list sizes were 98.5 (no opti-
misations) 34.4 (just (a)) and 0.94 with both optimisations,
which is only marginally worse than average-case behaviour.

The effects of the optimisations on self-comparisons may
be understood as follows: the main diagonal contains the top
D-scores, but on both sides there will be positive D’s sha-
dowing the main diagonal. The optimisation (a) removes
those sub-optimal elements before the main diagonal while
(b) deletes those following it.

As presented, the space complexity of the algorithm is
O(mn) because it is necessary to maintain a list Lj  for each of
the m columns j in the dot-matrix (if the matrix is processed
row-by-row then only the current row list is needed). Since
the maximum size of a list is n, and other data structures re-
quire not more than O(mn) space, the overall requirement is
still O(mn). However, for scoring schemes in the logarithmic
domain, it is possible to represent each list in O(1) space on
average, at the cost of some extra processing time. In this
case the lists can be stored in O(m + n) space, and it should
be possible to compute the alignments in linear space and
quadratic time, although we have not attempted to do so here.
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Fig. 2. Scaled running time behaviour T(m) of the monotone
algorithm, as a function of sequence length m. T(m) is the total time
for comparisons between 100 pairs of random sequences, divided
by m2, Each graph corresponds to a different experiment, coded by:
1, 2, 3, 4 = which scoring scheme (see text), s = self-comparisons,
u = comparisons between unrelated sequences, O = with optimisa-
tions, N = with none. Quadratic (O(m2)) behaviour is indicated by
near-horizontal T(m).

Implementation and evaluation

The algorithm is implemented in a program called mono-
tone, written in ANSI-C and compiled and run under Digital
OSF1. The program accepts as input two FASTA-format se-
quences and a BLAST-format symbol comparison matrix.
The following gap-penalties are supported: (a) logarithmic A
+ B logn, (b) affine A + Bn, (c) power-law A + BnC, and (d)
user-defined via an input file. The program calculates α and
so can usually determine the running time behaviour.

Because the affine penalty is a member of the class of
monotonic penalties, we were able to check that monotone
gave the same results as the standard Smith–Waterman in this
instance.

The running time of the program is illustrated in Figures
2 and 3. Sets of 100 pairs of random protein sequences were
generated, for lengths n = m = 100, 200,…900, 1000. Each
pair was compared on a 400 MHz Digital ALPHAstation
500, using monotone, with the BLOSUM62 matrix (Heni-
koff and Henikoff, 1992) and
(1) the affine penalty g(n) = 10 + 2n (α = 0.0442, logar-

ithmic domain)
(2) the affine penalty g(n) = 5 + n (α = 0.5072, linear do-

main)
(3) the logarithmic penalty 9 + 5 logn (α = 0.1217, λB =

1.208 logarithmic domain)

Fig. 3. Magnified section of Figure 2, coresponding to the region
T(m) < 0.0003.

(4) the logarithmic penalty 5 + 5 logn (α = 0.4299, linear
domain).

T(m), the total CPU time divided by m2, is plotted against
m. Thus if the time complexity is O(m2) then T(m) should be
constant, subject to fluctuations caused by computer hard-
ware, e.g. cache size. If the complexity is O(m3) then the
curves should increase linearly.

The timings were repeated with the optimisations (labelled
‘O’) and without them (labelled ‘N’), for comparisons be-
tween pairs of unrelated sequences (labelled ‘u’) and for self-
comparisons (labelled ‘s’). For example, the time graph for
self-comparisons without optimisations for case (1) are la-
belled 1sN.

The theoretical arguments presented above imply that,
when the optimisations are not used, and the scoring scheme
is in the logarithmic domain, i.e. cases 1uN and 3uN, com-
parisons between random unrelated sequences should have
quadratic time complexity, but all other cases should be
cubic. This is confirmed by Figure 2. The speeds, expressed
in millions of cells processed per second, of 1uN and 3uN are
1.24 and 1.05.

There are interesting and unexplained phenomena in Fig-
ure 2: the times for the cases 3sN, 4sN are virtually identical,
and 4uN increases at a steeper rate after m = 500.

When the optimisations are added, all comparisons are
speeded up significantly, and the resulting curves occupy the
bottom of Figure 2. This region is magnified in Figure 3. All
cases except 2uO and 4uO (comparisons between unrelated
sequences, with scoring scheme in the linear domain) appear
to have quadratic behaviour, and even for these two cases the
run times are reduced by factors of 32 and 180 respectively.

Thus provided the scoring scheme is in the logarithmic do-
main the worst-case complexity of the algorithm can be con-
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trolled by adding the optimisations, and strongly suggest the
complexity is O(mn) in the worst case, except for compari-
sons between unrelated sequences in the linear scoring do-
main. Interestingly, self-comparisons are faster than unre-
lated comparisons in this case. Further examination showed
this was because for self-comparisons, scores along the main
diagonal dominate random scores, so the candidate lists
usually contain only one element, whereas for unrelated se-
quences the lists are not dominated.

Sensitivity of the algorithm

As mentioned in the Introduction, the primary motivation for
using non-affine gap penalties is to improve sensitivity. We
now discuss how to predict the likelihood that a given scoring
scheme will let us detect a similarity. Recall that a dynamic
programming algorithm will find an optimal alignment, i.e.
one that maximises the scoring scheme. If there is a genuine
similarity present between two sequences, it will only be
found if its score s exceeds r, that of the best random similarity
that happens to be present as well. In other words the probabil-
ity of detection, i.e. the statistical power, is just the probability
Pr(r ≤ s) that a random similarity has a score less than s.

Now we know that provided the scoring scheme is in the
logarithmic domain, to a good approximation the distribu-
tion of the score between random, unrelated sequences fol-
lows an extreme-value distribution

Pr(r � t)� exp(–Kmne–�t) (4)

for constants K, λ depending on the scoring scheme, which
can be estimated by simulation (Waterman and Vingron,
1994b; Altschul and Gish, 1996) or (for affine gap penalties)
by the approximate formulas in Mott and Tribe (1999).
Therefore we need only substitute s for t in (4) to obtain the
sensitivity.

For the sake of concreteness, consider the following im-
portant example: suppose the real similarity comprises two
ungapped domains, with total score D, separated by a gap of
k residues. Then the correct alignment has score s(k) = D –
g(k). For a fixed scoring scheme, as the separation k in-
creases, s(k), and hence the detectability of the similarity, will
decrease. However, the more slowly g(k) increases, the more
likely it is to remain above the random background.

This is illustrated in Figures 4  and 5  where the sensitivity
of the affine and logarithmic penalties are compared. The
BLOSUM62 matrix was used in both cases. The affine pen-
alty was g1(k) = 11 + k (the defaults for BLASTP (Altchul et
al., 1990, 1997)), and the logarithmic penalty was g2(k) = 11
+ 4.5 log(k). These two scoring schemes are equivalent, in
the sense that they have similar values for α, K, λ of (0.0764,
0.0488, 0.27937) and (0.0749, 0.04618, 0.27958) respect-
ively (all parameters estimated by fitting Eqn (4) to 10 000
comparisons between pairs of random, unrelated sequences

Fig. 4. Empirical distributions of two statistically equivalent scoring
schemes. Solid line: BLOSUM62, g(k) = 11 + k. Dashed line:
BLOSUM62, g(k)=11 + 4.5 log(k). Each distribution was derived
from 10 000 comparisons between randomly-generated independent
pairs of sequences of length 300.

Fig. 5. Comparison of the sensitivities of the affine and logarithmic
gap penalties, expressed as the log p-value of a similarity comprising
two ungapped domains with total score 100 separated by a gap of k
residues. Solid line: BLOSUM62, g(k) = 11 + k. Dashed line:
BLOSUM62, g(k) = 11 + 4.5 log(k). Horizontal line, p-value =10–5.

by maximum-likelihood). Consequently they share similar
random score distributions, as is confirmed in Figure 4,
which compares their empirical distribution functions.

Figure 5 compares the probabilities of detection, expressed
as log p-values, i.e. log(1–Pr(s < t)), as a function of the gap
length k, when D = 100 and the sequence lengths m = n = 300.
When k = 0 the similarity contains no gaps and both scoring
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schemes return the same p-value of about 10–9. As k in-
creases the p-value increases. For k < 10 the affine penalty is
marginally superior, but for larger values of k the logarithmic
penalty is far more sensitive than the affine. For example, the
largest gap length for which the affine penalty returns a p-
value < 10–5 is k = 17, but with the log penalty, the correspon-
ding threshold is k = 53. [In practice, the behaviour of the
affine penalty is likely to flip from detecting the complete
alignment to finding the stronger of the two domains.]

In general, we can guarantee improving the sensitivity
with respect to finding alignments with gaps longer than k′,
say, relative to a gap penalty g1(k) if we can find another
penalty g2(k) such that (i) both penalties have the same ran-
dom score distribution in the logarithmic domain and (ii)
g2(k) ≤ g1(k) for k > k′. In our example, the log penalty was
superior to the affine for large k because 11 + 4.5 log(k)
> 11 + k when k >10.

Discussion

The monotone algorithm presented here should be very use-
ful in situations where long gaps are expected, and provided
the scoring scheme is such that alignments between random
sequences are in the logarithmic domain. In practice, this is
no real constraint, because penalties are nearly always
chosen to ensure logarithmic behaviour. One may select suit-
able scoring schemes, and assess statistical significance of
the resulting scores by using the results in Mott and Tribe
(1998).

The novel features of this algorithm, over the earlier
methods are (i) the use of general monotonically increasing
gap penalties, as opposed to convex, (ii) the definition and
construction of the candidate lists, and (iii) the use of local
alignment statistics to show these lists are bounded. The
proof that the candidate lists are bounded on average cannot
be extended to the case of global alignments because the dis-
tribution of the scores Dij  would then depend on i, j.

Although we have not proved that the additional list-prun-
ing reduces the algorithm’s worst-case complexity to quad-
ratic, the simulations indicate that for all practical purposes
the method is efficient, provided the scoring scheme is in the
logarithmic domain.

A complete comparative study of the sensitivity and accu-
racy of different gap penalties is beyond the scope of this
paper, but the example discussed above illustrates the basic
principles and the close relationship between sensitivity and
the statistical properties of a scoring scheme. It should per-
suade the reader that the use of non-affine penalties is worthy
of consideration.

Appendix

Formula for α

Suppose the substitution matrix S(x, y) is such that the ex-
pected score between two letters is negative, and let h(x) be
the probability that two letters drawn at random will have
match score x. Let λ0 be the positive root of the equation

1��
x

h(x)e�0x

λ0 is always larger than λ in Eqs (2) and (4). Then the para-
meter α is given by the formula

�� 2s�
k�0

e–�0g(k) (5)

Equation (5) is similar to (3), except that λ is substituted for
λ0. s is computed as follows: let Yn be the sum of n iid random
variables with mass function h(·). Let E(X; X < 0) mean the
expectation of the random variable X restricted to negative
values, i.e. ∑x < 0 x Pr(X = x) and δ be the smallest span of
score values. Let

E� exp�–�
k�0

1
k

E(e�0Yk; Yk � 0)�

P� exp�–�
k�0

1
k

Pr(Yk � 0)�

These quantities may be calculated numerically by suc-
cessive auto-convolution of the mass function h(·). Then

s� �

e�0�–1
PE

E(Y1e�0Y1)

See Iglehart (1972), Karlin and Altschul (1990), Karlin
and Dembo (1992) and Mott and Tribe (1999).
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